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Abstract 

Reductions from six to four spacetime dimensions are considered for a 
class of supergravity models based on the six-dimensional Salam-Sezgin model, 
which is a chiral theory with a gauged U{\)r R-symmetry and a positive 
scalar-field potential. Reduction on a sphere and monopole background of 
such models naturally yields four-dimensional theories without a cosmological 
constant. The question of chirality preservation in such a reduction has been 
a topic of debate. In this article, it is shown that the possibilities of dimen- 
sional reduction bifurcate into two separate consistent dimensional-reduction 
schemes. One of these retains the massless SU{2) vector gauge triplet arising 
from the sphere's isometrics, but it produces a non-chiral four- dimensional 
theory. The other consistent scheme sets to zero the SU{2) gauge fields, but 
retains the gauged U{l)ji from six dimensions and preserves chirality although 
the U{l)ji is spontaneously broken. Extensions of the Salam-Sezgin model to 
include larger gauge symmetries produce genuinely chiral models with unbro- 
ken gauge symmetries. 
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1 Introduction 



Applications of superstring and supergravity theories exploiting various special features 
of the very rich supergravity model set have dominated phenomenological approaches to 
physics beyond the Standard Model over the past three decades. Gauge symmetry pos- 
sibilities, no-scale features, opportunities for supersymmetry breaking and other specific 
features distinguish models within the landscape of possibilities. A striking feature of 
many of these models is the way in which they can be obtained via the many pathways 
of dimensional reduction from more uniquely defined theories in higher dimensions. 

A powerful example of this is the way in which the various options for gauge symmetries 
emerge from specific choice of reduction manifold [H [2]. According to the choice of 
manifold, upon which a corresponding group action may be defined, one may obtain 
dimensionally reduced theories with compact or noncompact gaugings - the latter arising 
from reduction on noncompact manifolds. This approach has been used, for example, to 
obtain a seven-dimensional model with gauged 50(2,2) symmetry which, after further 
truncation and reduction to six dimensions, yields the chiral Salam-Sezgin [3] model with 
a gauged f/(l)_R R-symmetry j^. The Salam-Sezgin model has in turn been taken as a 
key example of a theory that allows further reduction down to a four-dimensional theory 
without a cosmological constant even after supersymmetry breaking, thus providing a 
candidate solution to the cosmological constant problem [5]. 

The six-dimensional theory of the original Salam-Sezgin model suffers from anoma- 
lies. However generalised constructions can be made giving anomaly-free extensions of 
the Salam-Sezgin model [6l [7]. Many of these anomaly- free models can be related to 
Hofava-Witten type constructions [8] producing a class of 7D/6D models with gauged 
R-symmetries, yielding in turn anomaly-free six-dimensional models on the boundary of 
the seven-dimensional space [5]. 

The original Salam-Sezgin model [3] consisted of six- dimensional = 1 supergravity 
coupled to one tensor and one vector multiplet and considered a dimensional reduction 
to four dimensions on a sphere and monopole background arising as a solution of the six- 
dimensional field equations. This work maintained that a consistent reduction of the six- 
dimensional theory on such a background can lead to a chiral theory in four dimensions. A 
detailed dimensional reduction on this background was later carried out in [10], however, 
where it was found that, although the reduction does lead to Weyl fermions in the reduced 
theory, they are not gauge coupled in a complex representation of any gauge symmetry 
group and accordingly the reduced theory turns out to be non-chiral. The question of 
whether one may indeed obtain a chiral four- dimensional theory by dimensional reduction 
in this way thus remained open and will be the main focus of the present article. 
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The issue of chirality is often unclearly described in discussions about the intersection 
of particle physics and gravity, so it is worth being more specific about what constitutes 
a chiral theory, at least in the sense of particle physics. All Lagrangian field theories 
are PCT-invariant, so if a chiral spinor field carries a complex representation under some 
group G, its conjugate must carry the conjugate G— representation. An example of this is 
found in the rigid R-symmetry representations carried by spinors in many supersymmetric 
theories, e.g. N = 4 super Yang-Mills theory, where the left-handed spinors carry a 
fundamental 4 representation of SU{A). This is not what would be considered a chiral 
theory in particle physics, however. One expression of this non-chiral structure is the fact 
that the N = 4 theory can be re-expressed in terms of Majorana spinors without violating 
any of the essential physics of the theory - in a Majorana formulation the R-symmetry 
reduces to 5*0 (4), but the essential physics is unchanged. The key indications of chiral 
structure lie in the interactions, not in free kinetic terms or in a summary account of 
fields and representations. Thus, another expression of the non-chiral nature of = 4 
super Yang-Mills is the fact that the gauge couplings of the fermions are in the adjoint 
representation, which is real. 

In characterising chiral theories such as the Standard Model, it is clearest to discuss 
chirality in terms of 4-component spinors. Then one often catalogues fields together 
with charge-conjugated fields of a single chirality, e.g. left-handed SU{2) lepton doublets 
together with the left-handed charge conjugates of right-handed SU{2) lepton singlets. 
In a chiral theory analysed this way, the left-handed and the conjugated right-handed 
spinor species transform in inequivalent representations and have different couplings to 
other fields, e.g. gauge and Yukawa couplings. Another chiral possibility is one where the 
left-handed charge conjugates of right-handed spinors are simply absent, e.g. for massless 
Standard Model neutrinos, which are then purely left-handed. In any case, the Standard 
Model is a chiral theory because the left-handed quarks and the left-handed charge- 
conjugates of right-handed quarks carry different gauge SU{3) representations (3 versus 
3), and so couple differently to the gluons - as well as carrying different SU{2) x U{1) 
representations. The chiral nature of the Standard Model is also manifested in the Yukawa 
interactions, which involve the left-handed and left-handed conjugates of right-handed 
spinors quite asymmetrically. 

If the left-handed and conjugated right-handed species have the same couplings, the 
theory is considered non-chiral or "vectorlike". Another way of characterising a non- 
chiral theory is one in which the spinors can all be rewritten as Majorana spinors without 
violating any gauge symmetries or other interaction structure. 

For the above reasons, the non-gauged complex R-symmetry representations carried 
by chiral spinors in supersymmetric theories do not qualify such theories as chiral. It 
is also in this sense that the reduction of the Salam-Sezgin model from six to four di- 
mensions considered in [10] did not generate a chiral theory. Although that sphere and 
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monopole reduction remarkably generated a consistent SU(2) gauging in four dimensions, 
the surviving fermions transformed either in the real 3 of SU{2) or were singlets, so the 
four- dimensional theory turned out to be non-chiral. 

The main aim of the present article is to lay out more fully the possibility of chiral 
reductions of theories such as the Salam-Sezgin model. In Section El we first outline 
six-dimensional = 1 supergravity, which will be our starting point for this discussion. 
Then in Section [3] we will demonstrate that a reduction on the Salam-Sezgin background 
to a chiral theory in four dimensions is in fact possible. This is because there is an 
interesting bifurcation in the reduction ansatz which means that two different consistent 
sets of four-dimensional excitations of the six- dimensional theory are possible. One of 
these consistent sets of excitations leads to the non-chiral theory with SU (2) gauge group 
considered in [10] and the other, which we present here, leads to a chiral theory with a 
massive Stueckelberg gauged [7(1)^. The four-dimensional theory that we obtain in this 
way preserves the original chirality of the six-dimensional theory one began with. 

Both the six- dimensional theory that we consider in Section [2] and the four- dimensional 
theory that we obtain in Section [3] contain Weyl fermions charged under a gauged U{1)r 
symmetry, making these theories chiral. However, in both cases this gauged U{l)ji is the 
R-Symmetry of the theory - either the gauged R-symmetry of the original model or of 
its dimensional reduction. This unusual situation renders the chirality found these cases 
rather irrelevant from a physical point of view. In order to obtain more physically rele- 
vant examples of chirality in the reduced theory, we consider the coupling of additional 
hypermultiplets in the starting six-dimensional theory. In Section |U we analyse these 
couplings and carry out the corresponding reduction on the Salam-Sezgin sphere and 
monopole background to give a four-dimensional theory with genuinely chiral fermions. 
Finally in Section [5l we consider gauging the symmetries of the six-dimensional hypermul- 
tiplet by additional vector multiplets and analyse the resulting sjTiimetries in the reduced 
four- dimensional theory. 



2 Six-dimensional = 1 Supergravity 

We begin by considering the action for six-dimensional = 1 supergravity with field 
content {eM^y'ipM, Bj^j^) coupled to one tensor multiplet and to one vector 

multiplet {Am, A) gauging a U{1)r subgroup of the R-symmetry. Here M = 0, . . . , 5 is a 
world index and A = 0, . . . , 5 is a tangent-space index. This action was also the starting 
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point for the original Salam-Sezgin model [3]; it is given by 
S = J d'xe \r - \dM^d''^ - ^c^HmnrH'''''' - ^e^^F^^F^^^ - S/e-^^ 



MNR 



4\/2 

+ ^V^^e-i^(4/f *'A + It^'^M - XA + Ax) 



(2.1) 



where DmX = ^mX + \'^mab^^^X ~ W^aiX ^^'i similarly for derivatives acting on A 
and ipM- Here M = 0, ... 5 is a world index raised and lowered with the metric qmn and 
y4 = 0, . . . 5 is a tangent-space index raised and lowered with fjAB = diag(— , +,...,+). The 
field strengths appearing in this action are defined by Hmnr = "^QimBmr] + \F^mn-^r] 
and Fmn = '^d[M-^N]- We use the conventions Rmn = R^mrn-, Rmn^^ = '^d[M'^N]^^ + 
2Cj]^m^'~^'^n]c^ ^ X = ■^X^Tq . The fermions considered here have chiralities such that FyA = 
A, f 7X = -X, and frV^^ = ■ 

This action is supersymmetric under the transformations 



SeM^" = -7ef ^V^M + UuT^e , S^m = DMe + ^e^^ Hnpq f Tm e , 

4 4 4o 

¥ = \^X + \xe , 5x = -]{dM^T'' - ^e^^^M^pf*^^^)6 

2 2 4 o 

5 Am = ^e"^^^rA/A - AFmc) , 5\ = -^{e^^ FmnT'''' - 8ige-'^^)e , 



SBmn = A^mSAn^ + 2^{2etiMi^N] + 2?/'[A/f7v]e + efMJvX - X^^MNe) , (2.2) 
where the supersymmetry parameter e satisfies Tji = e. 



3 Reduction on a Sphere and Monopole Background 
3.1 Reduction of the Bosonic Sector 

We now consider a reduction of the above action on the background originally considered 
by Salam and Sezgin [3]. This reduction will be carried out at the level of the field 
equations which will then be integrated to give the reduced action. In many, but not 
all cases [TT], consistency of a dimensional reduction scheme may be checked either by 
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direct verification in the field equations or by verification that insertion of the ansatz into 
the action commutes with variation of the action. However, the fundamental definition 
of a consistent Kaluza-Klein reduction is one in which solutions to the reduced lower- 
dimensional field equations yield exact solutions to the higher-dimensional equations when 
they are re-expressed via the reduction ansatz as higher- dimensional fields. 



We therefore begin by varying the six-dimensional action (12. ip to find the field equa- 
tions for the bosonic sector; neglecting bifermionic terms these read 



R 



■MN 



1 1 

2 



TT RS 



1 

6' 



-HrstH 



RST 



d*c 

2 

where the field strengths considered satisfy the Bianchi identities 

1 



dH, 



(3) 



2 P{2) A -^(2) , 



dF, 



(2) 



. 



(3.1) 



(3.2) 



The Salam-Sezgin background [3] solving these equations is a product of four-dimensional 
Minkowski space and a 2-sphere with a monopole on it. An ansatz for a consistent set 
of four-dimensional fluctuations about this background was given in [10]. This leads, 
however, to a four-dimensional theory without chirality. This motivates us to try to find 
an alternative consistent ansatz leading to a chiral theory. With this in mind, and by a 
process of trial and error, we find the ansatz 



(2) , 



(3) 



-^(3) 2^^'^' ^ ' 



e 4 



(3.3) 



where VL2 = sin y^dy^Ady^ = Ag'^eabe°'Ae'' is the volume form for the unit sphere esg = 1 and 
where the sphere's vielbein has an associated curvature tensor such that Rmn = 8g'^gmn 
and F(2) = dA^^-^^y Here we have split the six-dimensional world index M into /i = 0, . . . 3 
and m = 5, 6 and similarly split the tangent space index A into a = 0, ... 3 and a = 5,6. 
This is thus an ansatz for a reduction on the same background as that in [10] but with 
a different set of fields retained in the reduced theory. One major difference between 
these two sets of fluctuations is that there is an extra degree of freedom here, associated 
with the difference between the dilaton and the Kaluza-Klein scalar, whereas in [10] there 
were additional degrees of freedom associated with the Kaluza-Klein vector resulting in 
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an SU{2) Yang-Mills gauging in four dimensions. It is important to note that neither this 
ansatz nor the ansatz of Ref. [10] can be truncated into the other, implying that there is 
a bifurcation into two different branches of consistent excitations about the Salam-Sezgin 
background. 

Substituting the ansatz (13. 3 p into the Bianchi identities (13. 2p implies 

dH,,, = A F„) , dF,,, = . (3.4) 

We next note that 

= %et(*+'^) * 1 - ^e-5(*+'^) * A Q,,, , *1 = * 1 A n^,, , 

*^(3) = * i/(3) A - 4(76^+^ * A,,, , *4 = ^ * d{if - 0) A . (3.5) 

We can then use these identities in the field equations of the six- dimensional bosonic fields 
in order to obtain reduced field equations describing the four-dimensional fluctuations. In 
this way, we find that the H^-^^ field equation leads to the two four- dimensional equations 

d(e-2^ * i/,3)) = , d{e^^ * A(„) = . (3.6) 

Similarly substituting the ansatz into the F(2) held equation, we find 

d{e'^ * F(,)) = e-2<^ * i7(3) A F,,, + IQg^e^^ * A,,, , (3.7) 

while substituting into the field equation gives 



d*d(f)-d*d(f = e'^'^ * if^, A H^^^ + Tre""^ * F^^) A F^^^ , 



1 

— ( 
2 



When considering the six-dimensional metric's field equations we must consider equa- 
tions where the indices lie in the compact and non-compact directions independently. 
Considering the Rab field equation, we fincfl 

d*dc^ + d*d<^ = e-^'^ * H^^^ A i/(3, + ^e^"^ * A 

- le/e^'^ * A - 4^2e<^(2 _ 8e^ + Ge^'^) * 1 , (3.9) 



In deriving this we have used the lemma 



Rab^O, Rab = e3 (*+'^) Rab + J 6-^^'^+'^^ □(</) + (^) Sab 
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where we have used Rmn = ^g'^Qmn- Equations (13.81) and (I3.9p can then be rearranged to 
give 

d*d<P = e-2<^ * i7,3) A if,3) + ^e^* * F,,, A F,,, - Sg\\l - e^f * 1 , 

d*dLp = -le/e^"^ * A + 16/e V(l - e'^) * 1 . (3.10) 

Substituting the ansatz into the Raa field equation gives an identity = 0, while the Rap 
field equation and (13. 9 p together give 

111 1 

Rafs = -da(j)di3(j) + -daipdpif + -e~'*' {F^^Fp^ - -F^sF'^^rjafs) 

+ ^e-"^{Ha,sHp^' - ^-H,sxH^'^r,ap) + Sg^^^A^A^ + Ag^^il - e^fr^^p . (3.11) 

Integrating these reduced field equations, we find the bosonic part of the four-dimensional 
reduced action 

Cb = R*l-]^* dcj) Ad(j) - di^ Ad^p - ^e"^"^ * i/o, A if^) 

- * A - 8(7^62^ * A A^,, - Sg^e'^il - e^)^ * 1 , (3.12) 

where F^2) = dA^^, H^^^ = dB^,,) + l^o) and (iwo, = F^^^ A F^^^ . 

The 3-form field strength i/(3) appearing in this action can be dualised to the gradient 
of an axionic scalar. This is done in the standard way by adding a term to the action 
containing a Lagrange multiplier that imposes the Bianchi identity (13.61) 

£' = -a(rfif,3)-^F(„ AF(„) . (3.13) 
Varying the action with respect to H^^^ then gives 

H^,) = e^^ *d(j , (3.14) 

and substituting this back into (I3.12p gives 

111 1 

Cb = R*l - -* dcj) Adcj) - -* dif Adip - -e^"^ * da A da - -e^'^ * F(2) A F^^) 

- ^g^e^'^ * A„) A A,,, + A F,,, - 8g'e^{l - e^f * 1 . (3.15) 

3.2 Reduction of the Supersymmetry Transformations 



In [To] it was noted that substituting the solution for the background we are considering 
into the six- dimensional supersymmetry transformations implies that the six-dimensional 
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spinors should be expanded with respect to a background spinor rj which is required to 
obey (Va — igA^°^°)r] = 0, where = j^^(2) and asi] = rj. We chose a normahsation 

for this background spinor where fjrj = 1 . Here we have decomposed the six- dimensional 
gamma matrices as 

fa=7a®cr3, f„ = l(g)a„, (3.16) 

where cXa, are Pauli matrices. This implies, 

f7=75®f^3- (3.17) 

Using the background spinor, we make the following ansatz, again obtained by a process 
of trial and error, for the fluctuations in the six- dimensional fermions 



e = es 



li'^+'^)e(g)T] . (3.18) 



The chirality properties of the six-dimensional fermions then imply the inherited four- 
dimensional chiralities 75A = A, 75% = -X, 75C = -C, 75^« = ^a, and 756 = e. 
Substituting the ansatz fl3.18p and (13. 3p into the supersymmetry transformations of the 
six-dimensional spinors (12. 2p . we obtain the supersymmetry transformations for the four- 
dimensional spinors appearing in the ansat jf| 

SiJa = V,e + ig{l - e'^)A„e - l^e-'^Hp^slJ^'e , 



4^2 



^e-5<^F„;37"'^e + V2ige^^{e'^ - l)e 



In a discussion of chirality in the reduced theory, the crucial factor is whether any of the 
Weyl fermions appearing in this reduction are charged under a complex representation of 
some group. The gauged ?7(1)r present in the bosonic part of the reduced theory (I3.15P 



^ We have made use of the lemmas 

Wq6 = ^ e"3('*+'^) da{(f) + (p)eb , UJab = t^ah • 
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is broken by a mass term. However it is possible to form a Stueckelberg extension of the 
ansatz leading to a reduced theory in which the gauged U{1)r is unbroken. To do this, 
we modify the the ansatz for Haab to read 

Haab = -4^7e^('^+'^)(5aP + A^)eab , (3.20) 

where we have introduced a Stueckelberg scalar p, while keeping the ansatz for the vector 
unchanged, Aa = —e~i^'^~'^^Aa. Carrying this out and dualising the 3-form using f l3.14p . 
we obtain the supersymmetry transformations of fermions in the reduced theory: 



5\ 



4^2 



^e-^'^F„^7"^e + V2ige^'^{e'P - l)e 



We now note that the fields of the reduced theory form the supergravity multiplet 
(e^", ip^), a scalar multiplet (0, a, x) ^"^^ ^ massive Stueckelberg vector multiplet {(p, p, (, A^, A). 

Next, we examine the reduction of the supersymmetry transformations of the bosonic 
fields. Considering the transformation of we find the need to carry out a compen- 
sating Lorentz transformation which acts as 6eM^ = ^^b(^m^, where 

A% = -^^e^(6X -xe + K - (e) , (3.22) 

in order to preserve the Lorentz gauge choice made in the ansatz for e^. Then the modified 
transformation of Cm"" combined with the transformation of cf) implies 

NeX + Xe), 5y.= --i=(eC + Ce) . (3.23) 



2^/2 ' 2V2 

Similarly, the transformation of implies 

6A, = --Le¥(e^^X _ X^^e) . (3.24) 
Finally, making an additional compensating Lorentz transformation with parameter 

A"/3 = ^(^"7"/^^ - ^^"/^^ + ^"^"/^C - Cr^e) , (3.25) 

in order to bring the four-dimensional supersymmetry transformations into the standard 
form, we find that the variation of the vielbein in the reduced theory is given in the end 

by 

5e/ = -^(e7>;.-^^7"e) . (3.26) 
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3.3 Reduction of the Fermionic Sector 



We now consider the reduction of the six- dimensional fermionic field equations 

+ J^ei^^M^f^^^A + ^y2(7e-i'^A . (3.27) 
4V2 

As before, we obtain the field equations describing the consistent sets of fluctuations about 
the background by substituting our ansatz (13.31) and (I3.18P into the six-dimensional field 
equations. Carrying this out for the the A field equation gives 

+ iV2ge^'^{e'f - 1) (7"V^„ + V2x) + lAge^'^e'^C . (3.28) 
Similarly the x fi^ld equation gives 

-^7"(V. + z^?A,)(x-C) = 

- z-^<7e'^A4v^7VV^/3 - 7"X - 37"C) - ^e-^^F„^7"^A 

+ iV2ge^^{e'^ + 1)X . (3.29) 

Substituting the ansatz into the ipM field equation with the free index in the a direction 
gives 

r'-'iV, + tgA,)^p, - ^7V(C + x)dpi<P + ^) = 

iV2ge^'^{e'^ - 1)7' 

(3.30) 



ige'PA^{-i''^^^p + 727 VC) - ^e~5<^F^^/7^"A + iV2ge^'^{e'P - 1)7"A . 

4v 2 
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The -j/^M field equation with the free index in the a direction gives 
7^^(V^ + tgA^)i;, + ^7^(V^ + tgA,){x + C) - \d,i<P + ^h'l'i^, + -^^M + ^h'iC + x) 

+ -^(7e^A„(v^r + - 7"C) - ^e-^*F,;37"''A - iV2ge^^{e^ + 1)A . (3.31) 

Equations fl3.28p to fl3.3ip can then be rearranged into the field equations of the four- 
dimensional fermions given by 

7^/^^C = ^7^7>/.5.^ - Y^e~^^^upT'C, + ige^A^i^Pl^^^^^, - 37'^C) - z^e^^e'^A , 
^^D^X = ^7^7>/.5.0 + j^e~^H,,p{V2rY''ya + 37^'^^x) + ^^7e'^^^7'^X 

- ^e-^'^F^^7^^A - i2e^'^(e'^ - 1)A , (3.32) 

where D^x = d^x + \^ ^la|3l°''^ X + wA^x and similarly for ^Z)^, A and C- 

Note that upon moving to the Stueckelberg version of the ansatz fl3.20p . on the 
RHS of these equations becomes modified to + A^. However the A^ appearing in the 
covariant derivative on the LHS of these equations is unmodified, so the derivative 
remains U{\)r covariant ised. All spinors then carry the same charge under the local 
U{1)r. 

Duahsing H^^^p f l3.14p . moving to the Stueckelberg version of the ansatz fl3.20p . inte- 
grating these field equations and combining with the bosonic part of the action derived 
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in Section 13. we find the full four-dimensional action 

S = d'^xe 



+ ^ze'^9^a(^,7^'^% + v^^.7^7'^X - v^X7"7'^^. + 3x7^X - C7^C + A7^A) 
+ z^7e^Z}^p(^A,7^'>p + V2^.7^7'C " v^C7'^7'^^. + 3C7^C - xYx " A7^A) 
+ ie-^'^F^,(y2^/'p7''"7^A + v^AtW^p + 2x7^'^A - 2A7^"x) 

o 

- ige^'^ie'P - 1) ( V2^^7''A + V2A7^7^^ + 2Ax - 2xA) - i4^e^'^e'^(AC - CA) 

(3.33) 

where D^p = + A^^. This is supersymmetric under 

SA, = --l=e5<^(e7^A - A7^e) , SX = "^^''^^^/^^"^^ + V2zge-^^{e'^ - l)e 



2^2 ' ' 2^2 2^2 

where the transformations of a and p are obtained by demanding closure of the super- 
symmetry algebra. 

The reduced theory shown here is chiral because the Weyl fermions appearing in 
the action are charged under the U{1)r symmetry. This shows that reduction of the 
Salam-Sezgin background can indeed preserve the chirality of the six-dimensional theory. 
However, as the chirality in this four-dimensional theory is caused only by couplings to a 
Stueckelberg-compensated gauged massive U{1)r R-symmetry, it is not very persuasive 
as a physical example of chirality preservation. In order to arrive at a four-dimensional 
theory with a more physical realisation of chirality we next will restart our discussion 
with hypermultiplets coupled to the six-dimensional theory. 
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4 Hypermultiplet Couplings 



The fermions of the six- dimensional action (12. ip that we have considered so far are six- 
dimensional Weyl fermions. However, another option in six dimensions is to write the 
action in terms of symplectic Majorana-Weyl fermions. This has not been done so far as 
it makes manifest an Sp{l) = SU{2) symmetry which is broken in the reduction to four 
dimensions, and so adds an unnecessary additional level of complexity to the discussion. 
However, the couplings of hypermultiplets which we will now consider are intimately 
related to this 5*^(1) symmetry [121 US] and it is therefore helpful to rewrite the bulk 
action that we considered before in terms of symplectic Majorana-Weyl spinors. To do 
this, we define 



which implies 



X=X, x=^C-'T',r- (4.1) 



X- = ^{Xa)% = ix^fC , (4.2) 



where C is the charge conjugation matrix with CTaC'^ = —T'^, C = C^, A = 1,2 is 
an Sp{l) doublet index raised and lowered with the antisymmetric tensor e-- = — e--, 
ei2 = e^^ = 1, such that x~ = ^--Xb^ Xb = X~^ab and similarly for all other fermions in 
the 6D theory considered so far. 

The hypermultiplet fermions that we consider are not charged under the 5*^(1) but 
transform instead under an Sp{n) with respect to which they are symplectic Majorana 

^ 2(4)tfo = m'^C , (4.3) 



where a = 1, ..,2n is an Sp{n) fundamental index which is raised and lowered with the 
Sp{n) invariant tensor e-g = — e^^, = — (^a-, i^- = e—^b, = i'-^ab ■ Here we will 



use the convention 

where 1„ is the {n x n) identity matrix. 

The hypermultiplet scalars Lq,- and Lq,- transform under a global left-acting Sp{n, 1) 
and a local right-acting Sp{n) ^ Sp{l). This means that their physical degrees of freedom 
describe the coset 

Spin, 1) ^43^ 



Sp{n) ® Sp{l) 
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Here a is an Sp{n, 1) index which is raised and lowered with the Sp{n, 1) invariant tensor 
= —^pg^, Cla'yCl— = —5a- and we use the convention 



These scalars satisfj]^ 



«/3 








1 








\ 




-1 
























In 




V 








-In 





/ 



(4.6) 



fa f B 

fa fa 
J^A-I^a' 



i B 



b 

a 1 



J^a J^-A ~r J^a ^-a — 0^- 



(4.7) 



and 



{La^) 



{La 



A\* 



where 170- is the U (2n, 2) invariant tensor 



Va- 





-hn 



(4.9) 



From these scalars, we build the Maurer-Cartan forms 



Pmo.- — L-^DmLot , Qma- — L-aDmLq- , Q 



McT 



—L-aDuL 



b 

a 1 



wher^ 



(4.10) 



DmLoT — dAlLa h gAMTa-L'0- 



DmLot — duLoT + g^AiTa-L^- 



(4.11) 



When these hypermultiplets are included, the six- dimensional action (12. ip becomes mod- 



^Thc coupling to hypermultiplets to six-dimensional = 1 supergravity was considered in [12j . 
However the description of these couplings in terms of the coset representatives L-a and L-a which has 
been carried out here is, to our knowledge, a new result. This alternate formulation is useful as it allows 
us to leave general the U{l)ji gauging described by the generator T^-, which will later be constrained. 

^Note that here the generators are defined such that there is no factor of i in the gauge covariantisation 
terms. 



15 



ified to 

S = I d^xe 



where 



- 2V^^e-^^f^A^4A - V2ge--^^CAB{X^t^i'i + X^X-)] , (4-12) 



DmX- = Va/X- + Qa/bX- , C-A^ = L^aTM',^ , 



Dm^^ = Vm^ + QAf-V- , 4- = L^aT^-Lf ■ (4-13) 

This action is supersymmetric under the transformations 



6eM^ = -^t^f^V^MA , Si^i = Dm + ^e^^ ^^pq f^^^ , 

4 4o 

Z - 4 D 



M 



„-i(/>^A-r \ x\A ^ A<i> TP -nA/AfpA /o ^ ^-\4>r<AB ^ 

e 4^e-i jv/Aa , dA- = — ^e^^i^MAfi e —V2ge — ep 



2^2 4^2 



5Sm7v = AmSAn] + ^e-^^{2i^r[M^N]A + 2^j|^f7v]eA + t^f mtvXa - X-f AfiveA) • (4.14) 

The action also has a gauged f/(l)_R symmetry acting on the hypermultiplets. The em- 
bedding of this U{1)r within the Sp{n, 1) is described by the tensor Tq- which for now 
we leave general. However, we will later see that a consistent reduction is only possible 
for a particular f/(l)p corresponding to a particular choice of embedding tensor. 



4.1 Reduction of the Bosonic Sector including Hypermultiplets 

We shall now consider the dimensional reduction of the enlarged six- dimensional theory. 
We begin as before with the bosonic field equations; neglecting bifermionic terms, these 
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read 

RmN = \dM4>dN4> + 2P~pNaA + ^e5^(FMfiF;v'' - \FRsF''''gMN) 

4 5 — 

d{e-^hF,,,) = ehH,,, A + ' c?(e^*A3)) = , 

Dip/ = -Ag'e~'^^C^Ha_B , (4.15) 

where the field strengths satisfy the Bianchi identities 

dH,,, = A F„) , dP,,, = . (4.16) 

We then make an ansatz for a consistent set of four- dimensional fiuctuations, similar to 
(13.31) . again obtained by trial and error: 



-F(2) 






^(3) 


= ^(3) - 


1 










— T 





(2) ) 



, A Q^2) , (l) = (p-(f) , 

4- = h- ' (4-17) 

where the scalar functions Lsr and L^- depend only on the uncompactified directions. 
They satisfy the relations 

f a f B X B fa f b fb 

L^Ah^ = , -h^L^A + h^L^a = . (4.18) 

and 

(L/)* = -L^aVf {La^y = -L^AVf (4.19) 
from these we can build the Maurer-Cartan forms 

Pfia~ = L- aD ^LgT , QfiA~ = L- ADfiL^— , Q fia' = ~L- aD jiLa- , (4.20) 

where 

D^L^^ = d,L^^ - gA^T^^L-^ , D,L^^ = d,L^^ - gA^T^^Lf . (4.21) 
We can also form the useful scalar functions 

Ca^ = L^ATMf , = L^tJL^^ . (4.22) 
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In this, we have left the ansatz for the hypermultiplet scalars very general, requiring only 
that they do not depend on the compactified directions. However, as we will see, requiring 
that the reduction be consistent places a large number of additional constraints on the 
scalar sector. Solving these constraints will require us to split the a, a and A indices and 
will be solved later in Section 14.41 Equation fl4.17p therefore does not represent the final 
ansatz for the hypermultiplet scalars and will be further refined. 

The ansatz considered implies that 



D * {L^^DL^^) = -Ag^e^C^^l^B + S^^e^^+^^f-^^ *(2) ^™ A *1 

+ 8^^e(^+^) {C^H'f + C^-I-b) *(2) A~ A A~ * 1 , (4.24) 



where C-- is defined analogously to C--. As A'^°'^° is a function of the internal space, the 
reduction will only be consistent if = 0, so that the terms containing A'^°'^° vanish. 
This represents the first of the constraints on the hypermultiplet ansatz and implies that 




(4.23) 



Substituting this ansatz into the Lq,- field equation gives 



. 



(4.25) 



Substituting into the field equation, we find 



+ 16(?2e2'^ * A,,, A A,,, - ^\\C^^C,_ 



AB — 



2e^^) * 1 . 



(4.26) 



Substituting into the Rab field equation implies 

d*d(j) + d*d(p = e"^"^ * H^^^ A iJ(3) + ^e""^ * F^^^ A F(2) 
- 16(7 * ^(1) A A,,, - 4g'e^{C^^a 



AB — 



8e^ + 66^^) * 1 , (4.27) 



where we have used Rmn = '^g^Qmn- These equations can be rearranged to give 



d*d<p = e-'f * i7(3) A //(3) + -e-^ * F,,, A F^,, 

- Ag^e^C^^CAB - 2 + 2(1 - e^f) * 1 , 
d*dip = -IQg'^e^'P * A A^,^ + 16^Ve'^(l - e^) * 1 . 



(4.28) 
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As before, the Raa field equation gives just an identity = 0, but now substituting the 
ansatz into the -R^^ field equation we find 

+ 2g^e'l'(C^B^^^ - 2 + 2(1 - en'')Vap + Sg^e'^'^A^Ap . (4.29) 

The if(2) and -F(2) field equations along with C,-- = together imply 

d(e-2nff,3)) = , ^(6-^*^,2)) = e-2niJ(3, AF(2, + 16(7V'^* Ad • (4-30) 
Moreover, the Bianchi identities imply that 

dH,,, = iF,2, A F,2) , dF,,, = . (4.31) 

If the value C--Cab is not dependant on La-, explaining why a potential term does not 
appear in (I4.25p . then these reduced field equations can all be derived from an action 

Cs = R*l-^*d4>Ad4>-^*d^Ad<^-2*P^^ AP^A 

- * H,,, A H,,, - U--^ * F(2) A F,,, - Sg^e^^ * A,,, A A,,, 

- Ag^e^iC^^CAB - 2 + 2(1 - e'^f) * 1 , (4.32) 

where F{2) = dA^^^ and if = dB^^^) + ^^(3) and du^s^, = F^2) A F(2). Finally, dualising H^^^ 
as in fl3.14p gives the bosonic part of the reduced action 

CB = R*l-^*d4>Ad4>-^*d<^Ad<^-2*P^^ APaA + ^e^'^ * da Ada 

- \e-'^ * A F(2) - Sg^e^'' * A,,, A A,,, + ^aF,,, A F^,, 

- 4g^e^{C^^CAB - 2 + 2(1 - e^f) * 1 . (4.33) 



4.2 Reduction of the Supersymmetry Transformations includ- 
ing Hypermultiplets 

The symplectic Majorana and Weyl properties of the six-dimensional fermions cannot 
be carried over to the reduced theory because fermions simultaneously subject to four- 
dimensional symplectic Majorana and Weyl conditions identically vanish. This means 
that the Sp{l) and Sp{n) symmetries of the theory must be broken in the reduction. We 
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therefore make an ansatz for the fermions equivalent to fl3.18p . given by 



1 



2v/2 



X 



e 8 



V2 



(4.34) 



The ansatz for ■y^ can then be derived from this using (14. ip and similarly for the 2 
component of the other six- dimensional fermions. Here we note that since 



e2 = iC-^fo{ey 
we have it that 



and 



C = C®a^ 



implies 



(4.35) 



(4.36) 



and similarly the 1 and 2 components of the other six-dimensional fermions have opposite 
and 7^ chiralities. 

We make an ansatz for the reduction of the hypermultiplet fermions in a similar way to 
that considered above. First we split the index range of a into q = 1, n and q' = 1, tt, 
such that we write the Sp{n) symplectic invariant as 



(4.37) 



so that iab = Ga'b' = and e^y = -ey„ = i^^' where iaa' = ia'a and iab'i-- = Sa-. 





a 


q' 


q 1 





In 








q \ 








We also split the q index into q = 1, . . . , n -|- 1 and q' = 1, . . . , n -|- 1 such that we 
write the Sp{n, 1) symplectic invariant as 

a = l q' = 1 q>2 q' > 2 

a = 1 / 1 \ 

q' = 1 -1 

q> 2 -1„ 

a'>2V0 1„ 0/ 



(4.38) 



so that Cl 



al3 



^a'fs' = and Cl^f^' 



13' a = 'i'al3' whcre iaa' = ^a'a and - = 6a- 
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Corresponding to this, the U (2n, 2) invariant is spht as 







SO that r)a- = fj^'- = 0, r}^- = 7]a- and fja'- = where 



a = 1 

1 / 1 



V 



a 

a' = 1 
a>2 
a' >2 



a' = 1 q>2 q' >2 

\ 

1 

-In 










(4.39) 



-1„ / 



/3' 



1 
-L 



Using this index sphtting we then make the ansatz 

and note that since f 7?/;- = , one finds 75'?/'- = —ip- . 



(4.40) 



(4.41) 



The four-dimensional fermions ip- describe 2n additional fermionic degrees of freedom 
arising from the six-dimensional hypermultiplets. This means that there cannot be a full 
set of 4n bosonic degrees of freedom in the reduced theory arising from the hypermultiplets 
as would appear if one turned on the full set of hypermultiplet scalars in fl4.17p . It is for 
this reason that upon reduction we find the emergence of a large number of constraints 
on the hypermultiplet geometry emerge. 



Now consider the transformation 

1 



5Ai = — =e2<^F,6rti 
4V2 

-V2ge~-^^C^H^ 



4^2 

V2ge~-^^C^H^ 



(4.42) 



Imposing the ansatz a^X^ = A^, a^e^ = and a^e^ = — shows that the last term 
of ( I4.42P must be zero and so we find another constraint on the four- dimensional scalar 
geometry, C^^ = , as well as finding the resulting transformation of the four- dimensional 
spinor 



6\ 



4V2 



V2gC'^e-e . 



(4.43) 



A similar consideration of the A^ transformation shows that C*^^ = 0. Considering the 
transformation of tp- we find 



a 52 D 0,1 



(4.44) 
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Using the same argument as above, we find P^^i = Q and so 

S^jj^ = 7"eP„^2 . (4.45) 

Similarly, the transformation of il)- also implies P^r"^ = 0. From the ipa transformation, 
we find the constraints Q^^^ = Q^i^^ = and the transformation, 

= VaC - Qa^'^e - ige'^D^pe - ^ie'^dacre . (4.46) 

Considering the transformation of ipl^ we find that in order to have -D^e^ = given that 
(Vq — igA^"^°)ri = 0, this implies C^i = —i. Similarly considering the variation of we 
find that (0^2)* = -i ■ 

Examining the transformations of I/^,- and L^,- we then find 



5La^ = 




5V = 












= 




5LJ = 




SLa'- = 




6La'- = 





(4.47) 

where = z('?/'-)^7o and we have used rj^a'^ri = 0. The transformations of the other fields 
remain unaffected: 



^ :(ex + xe) , Sx= -^9c,07"e + -^ie*9„(T7"e 



2V2 ' 2V2 2V2 

(5a = — -=ie~'^{ex - xe) , = — ^'^e"'^(eC - C^) • 
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4.3 Reduction of the Fermionic Sector including Hypermulti- 
plets 



The reduction of the fermionic equations of motion proceeds much as before. We begin 
by considering the six-dimensional fermionic field equations 

1. 
4" 

4v2 

f^DM^ = f ^f*^^^PM-% + ^e5^^M^«f^^^^r + 2v^^?e-i^A^e-% ■ (4-48) 
Then substituting the ansatz and constraints into the A field equation gives 

+ ige^^ie"^ - 1) (y27"^a + 2x) + tAge^'^'e^C . (4.49) 
Considering the ip- field equation, we find 

7"(Var + = -7"7VaP/3-"' + ^e-'^i/,/3^7"^>-" - ^^e'^A„7>-" , (4.50) 

but for consistency we are also forced to require that 

QJb' = = and r«(Var - gA~ChJ'-) = , (4.51) 

which implies Ca- = i^a-- Similarly the field equation implies that {Ca'-')* = i^a'- ■ 
Substituting the ansatz into the x field equation implies 

-^r{^a + Qa\)iX-C) = 

- tge^A^i^f'ri^^ - i=7"x - 3^7"C) - ^e-^^F„^7"^A 

+ iV2ge^^{e'^ + . (4.52) 
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As before, we must consider the ij^M field equations with the free index pointing in the 
compact and noncompact directions separately. When the free index is in the a direction, 
this imphes 



1)7°A , 

(4.53) 



- 2^e^A^(7"^T^/'^ + y27^7"C) ^e-5<^F;3^7/3^7"A + i^f2ge^'^ {fi^ - 1)7°A 

4v 2 



while the '(\}m field equation with the free index in the a direction gives 

^ =7"9a(^ - - C) + 7>-i^a_a2 - ;^e-*iJ„^,(7"^'^'V^5 - ^I'-^'X + 47"''"C) 



(4.54) 



+ ige'PA^^r + ^7"X - ^7"C) - ^e-^^F,/37"^A - ^y2^e^^(e'^ + 1)A . 



4.4 Solution of the Hyper mult iplet Constraints 

In carrying out this reduction, we have found a large number of constraints on the hyper- 
multiplet scalars. These read 

= , e~ = , 

0, 

-lb/ . (4.55) 
Using the identity (14. 7p . we can rearrange the C and ^ constraints to give 

'^a-L^^ = —iLaa ; "^"-^^a' ~ '^■^aa' ■ (4.56) 

Clearly, one solution is to have all the hypermultiplet fluctuations vanish, in which case 
we revert to the case studied before. However if we wish to consider a reduction where 
some hypermultiplet fiuctuations are turned on, then we require also that the conditions 



p a'2 


= , 


p al 


= , 




= , 






= , 




= , 


Qfi-b' 


= , 


Q^T b — 


^11 


= , 




= , 


c\ 




c\ = 




= , 




= , 






n b' 
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P^r'^ 7^ and P^-^ 7^ be satisfied. Expanding out the constraints on P^-- and using 
the constraint = then gives 

P^ial = {La'ld^Laa — LalO^La'a) = but P^a2 = {L 28 fj,L — La2d^La'a) 7^ , 

"(4-57) 

Keeping in mind that the hypermuhiplet scalars must also solve (14.71) . the constraints 
(14.571) are solved by either 

7^ and La' a , La'l , Laa' ; -^a2 = (4.58) 

or 

La'a , La'l , Laa' 7 -^a2 7^ and Laa , Lai , La'a' , -^q'2 = . (4.59) 

Either choice is equivalent and here we chose the former. Then, substituting into (I4.56p . 
we find 

Ta-L/31 = —iLal , Ta'- I//3'2 = '^-^a'2 , 

Ta-Lpa = -iLaa , Ta'- -^^V = ^La'a' , (4.60) 

which is solved by 

TJ = -id J , Ta'^' = i6a'^' . (4.61) 

This fixes the gauging that was left general in the six-dimensional theory as mentioned in 
Section 14.11 and solves the full set of hypermultiplet constraints. 

As we now know which of the six-dimensional hypermultiplet scalars must vanish and 
which can remain, we now refine our ansatz to 

r r T ^9: T /^^ 

■'-'aa ' ' 

f — T f "1 — 

L^,^ = L^'^ = La'l = L^'^ = . (4.62) 
These four- dimensional scalars then satisfy 

Z-Lq = 1 , L--L^a = ~Sa- ; 

LaU - LaaL^^ = 6 J , 1^7//% = , (4.63) 

and 

{LaaY = L^^Vr (LaY = L%^ (4.64) 
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which imphes that the surviving hypermultiplet scalars describe the coset 

SU{n,l) 
SU{n) O U{1) ' 



(4.65) 



the dimension of which is 2n. This agrees with the 2n fermionic degrees of freedom 
described by ip- . We can then use these scalars to define the four- dimensional Maurer- 
Cartan forms that will appear in the four- dimensional action 

= L^d.L^a , = Lad.L^^ . (4.66) 



4.5 The Reduced Hypermultiplet Coupled Action 

Substituting the modified ansatz fl4.62p into the reduced field equations and rearranging 
gives 



- ige^Ap{Y''y, + - ^6-5-^^^,7^-7^ A + i^/2ge^^{e^ - 1)7^A , 

4v 2 

+ ige^^{e^ - 1) (y27>a + 2x) + lAge^^e^C , 

-ie"^<^F,,,7^^A-z2e^^e^-l) , 
7"I^ar = -ri^i^aP^- + ^e-^ff„/377"^^r - tge^A^ri^^ , (4.67) 



where 



D^,X = V^x + igAf^x + Qy.X , (4.68) 
and similarly for all spinors except tp- for which 

D^ij^ = + ^9A^.r + Q^^hi^- ■ (4.69) 
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Integrating these field equations and combining with the bosonic part of the action as 
derived in Section I4.H we find that the full reduced hypermultiplet-coupled action is 
given by 



S 



d xe 



R--da 
2 ^ 



1 



1 



:i-e 



+ tge'^D,p{^,Y'''^p + V2^urrC - ^^CYYi'u + ^CYC - xYx - + ^_a7^r) 

o 

- ige^^i.e'^ - 1) {y/2i}^Y\ + VTX^^^ + 2Ax - 2xA) - z%e^'^e'^(AC - (A) 



(4.70) 



which is supersymmetric under the transformations 



5A, 

Sip 

5a 

5Ln 



2^2 
1 

2^2 
1 

2v^ 



\=e^\e^,\ - He) 



(eX + Xe), 



'''{ex - xe) 



2^2 
1 



5L^ = -i,aeL^ 



S\ 

5x 
6p 



4^2 



^d^^^e + igV2e^D^pYe 
2v 2 



2^2 
1 



2V2 



8V2g 
4 



(4.71) 



The spinors ip- appearing in this action are chiral fermions charged under a complex 
representation of SU{n), giving a genuinely chiral theory in four dimensions. 
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5 Gauging Hypermultiplet Symmetries 



A further extension of the six- dimensional model is also possible in which additional 
symmetries of the hypermultiplets are gauged. To do this, we introduce the additional 
six-dimensional vector multiplet {A{,j, X^) such that the action becomes 



S 



R - -Smc 



^ Jtt ttMNR 



1 1 
—f 

4 

1 



1 - 



lA-rMNi^R 



,-Af^MNR 



XA 



- 2V2ge--^^'-XHaA - v^^^e-^^C^^ (A^f + X^^) 



(5.1) 



where now 



3 ^ ~ 3 
HmNR = 39[M-BAri?] + -^FimnAji] + -Qmnr. , 

^ 1 

DuLa- = duLa- + Q-AuTa-Lp- + qA-imT^ a-L'p- , 

C A J a rp p J A B f a rp f B 

S/a~ — ^aJ'Ia-^p~ i ^IA~ — ^~ A-L !&- -l^ ) 



(5.2) 



with all other definitions unchanged. The additional fields transform under supersymme- 
try as 

6Ai, = ^e-mtMX^^, 6X^^ = ^e'^^Pi,^T'^^e^-V2~ge-'^'^C^^^en^ (5.3) 
and the transformation of Bmn is modified to 

SBmn = A^mSAn] + AIm6An^i + ^e'^\2e-t[M^N]A + 2^YM'^N]eA + ^-TmnXa - X-'^MNeA) 

(5.4) 
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The supersymmetry transformations of all other six-dimensional fields remain as shown 
in ()4.14l) . As before, we carry out the reduction by making the bosonic ansatz 



(2) — 2(^^'^' 



(3) 



(3) 



Lai = La , 

f J a' a J J a' I 

^a'a — — J^a'l — 





^ (2) 


= -F^ 

^ (2) 






= ip-4 






= e-i(^ 






= L^^ , 




lal 


= L^ , 



(5.5) 



and the fermionic ansatz 



^1 = e-|(<^+^) 



i^a®V + + C) ® ^ 



1 



X 



(5.6) 



The reduction then proceeds exactly as described in SectionlHexcept that upon considering 
the supersymmetry transformation and the field equation, we find the additional 
constraints 



Using our ansatz ( 14. 62^ . we find that these constraints are solved by 

A^jT'/ = A^jT'J = , 



(5.7) 



(5.^ 



which means that the reduction breaks the six-dimensional gauging of some subgroup of 
Sp{n, 1) to the part of that subgroup that lies within SU{n, 1). 
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s 



The reduced field equations found in this way can be integrated to give the action 

1„ 1 



d xe 



R 



Id, 



- -^e-^F^,F^' - ^-ae^-P'^F^.Fp, - -^e-^Fl^F^" - ^ae^^P'' Fl^Fp^i + Se'f'fC'Ci - Ae^g\l - e'^f 



+ z^7e'^D^p(^,7'^''''V^p + V2^.1^YC - V2C,Yl^'^. + 3C7'^C - Xl^X - ' '^'l^h + ^al^^"^) 
+ U~-^^F,,{V2^p^^'''YX + v^A7''7^>p + 2X7'^'^A - 2A7'^'^x) 

+ le-5^Fi(y2^p7'^''7^A, + v^A,7^7^^^p + 2x7'^'^ A, - 2A,7'^'^x) 

- i^e5<^(e'^ - 1) {^/2%l)^-i''X + ^2X7'^^'/. + 2Ax - 2xA) - lAge^^e'^iXC - (A) 

- y2^e^'^(AV-e/a + ^aA'O-) - ^e^^C,(V2A^7^^M + ^^^l^>^' + 2A'x - n>^') 



(5.9) 



where 





= L-D^La , 


Qfi-b 


T aar) T 


p 


= L-D^Laa 1 


p a 


= L^D^L-- , 








= d.U^ + ~gA';rifU , 




= d^Laa — gAj^Tla-LfSa , 








_ farpi l3 T 






& 









(5.10) 

The action (15. 9 p is supersymmetric under the transformations (I4.7ip supplemented by 

^e^^(e7^A^ - A^7^e) , 5X^ = ^e-^^F„^7"^e + V2ge'^'^C^e . (5.11) 



2^2 



4^2 



5.1 A Reduction Example 

As an example of a reduction of this sort we consider starting with six-dimensional = 
1 supergravity coupled to 28 hypermultiplets, for which the scalars describe the coset 
5^(28, l)/(5'p(28) ® S'p(l)), and one vector multiplet gauging the U{1)r R-symmetry as 



30 



described in SectionHl The coset representatives then have a rigid left-acting 5*^(28, 1) and 
local right-acting Sp{28) ® Sp{l). The rigid left-acting Sp{2S, 1) has an 5*^(28) subgroup 
and we chose to introduce 133 vector multiplets in order to gauge an Ej subgroup of this 
5*^(28) such that the irreducible 56 of Sp{28) remains an irreducible 56 under Ej. This 
gives an action of the form f l5.ip . We can then carry out the consistent reduction to four 
dimensions on a sphere and monopole background using the ansatz (15. 5 p and (15. 6p . 

As described in Section 14. 4[ it is only consistent to keep fluctuations in the hypermul- 
tiplet scalars that describe a coset SU{28, 1)/ {SU{28) ® f^(l)) and, as described in (I5.8p . 
the gauged Ej symmetry is broken to the part that lies in SU{28, 1). This means that 
the surviving massless gauge symmetry will be the part of Ej within 5*^(28) (such that 
the 56 of Sp{28) is the 56 of Ej) that is also in the SU{28) within Sp{28) (such that the 
56 of Sp{28) is the 28 + 28 of SU (28) ). 

To find the group describing this surviving gauge symmetry, we consider the 133 
(56 X 56) matrix generators of Ej within 5*^(28) whose construction is described in [T3]. 
We then restrict these generators to linear combinations such that the (28 x 28) off- 
diagonal blocks have only vanishing entries, so that (I5.8p will be satisfied. This leaves 
63 linear combinations which we can split into 63 (56 x 56) matrix generators T^' of the 
surviving gauge group, which we normalise such that 

tr(r^'T^') = 6^'^' . (5.12) 

From these, we can calculate the structure constants of the surviving gauge group, which 
we find to satisfy 

f'^'^r^'K' = p^''' . (5.13) 

This means that the matrix representation of the surviving group that we have obtained 
must have Dynkin index x and dual Coxeter numbejfl h such that ^ = |- Considering all 

®For a set of group generators Tl^^^ in a representation r with a general normalisation, the Dynkin 
index Xr of r may be defined as 

tr(T(';)T(';,)) = -xrg"' , (5.14) 

where 

gab jg 

the Cartan-Killing metric which is dependant on the normalisation of the generators x in 
some particular representation. Then, defining the structure constants by [T'^r)' -^(r)] ~ /"'^cT^^.y the dual 
Coxeter number h of the group is given by 

rdf'^c = -hg""" , (5.15) 

i.e. h = X(adjoint). H wc then chose to normalise the generators in the representation r such that 
tiiT^^^T^^^) = as in (|5J2)) . then we find that 

rdl'^'c = -^<5"'' . (5.16) 

Xr 
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dimension 63 subgroups of that have a dimension 56 representation with this property 
reveals that the 63 (56 x 56) matrix generators that we are left with must describe the 
28 + 28 of SU{8), so SU{8) becomes the surviving gauge group in this example. As 
indicated in Section HI the left-handed fermions arising from the reduction of the six- 
dimensional hypermultiplets carry an index in the fundamental representation of SU (28), 
so the theory is chiral with respect to this symmetry. This is actually a situation where 
the left-handed charge conjugates of right-handed spinors that would have made the 
theory vectorlike are simply absent. In fact, the corresponding right-handed spinors were 
explicitly removed from the four- dimensional theory by the spinorial reduction ansatz 

An alternative starting six-dimensional theory which is of some interest is the Eq ® 
Ej ® U{l)ii anomaly-free theory of Ref. [6]. This theory has 456 hypermultiplets whose 
scalars describe the coset S'p(456, l)/(5'p(456) <^Sp{l)). The E^ group here is the gauged 
part of the rigid 5*^(456) subgroup of the rigid left-acting 5*^(456, 1) with the property 
that the irreducible 912 of 5*^(456) remains an irreducible 912 under Ej. The U {1)r of this 
theory is the gauged R-symmetry which will accommodate the monopole background in 
our reduction, while the Eq remains external. The reduction of this theory on the sphere 
and monopole background using the ansatz (15.51) and (15. 6p goes much like the reduction 
example considered above. This leads to a surviving massless gauge symmetry G in four 
dimensions that is defined by the following conditions. It is product of the external Eq 
times that part of the E^ subgroup of 5*^(456) (where the 912 of 5*^(456) remains an 
irreducible 912 of Ej) that is also a subgroup of the SU{45Q) within 5*^(456) (such that 
the irreducible 912 of 5p(456) becomes the 456 + 456 of 5f/(456)). 

By analogy with the previous example, we propose that this reduction will give a 
reduced four- dimensional = 1 supergravity coupled coupled to chiral matter contained 
in multiplets whose scalars describe the coset S'f/(456, l)/(S'f/(456) ® U{l)ji) of which 
the SU (8) within the rigid SU (456) is gauged by vector multiplets (such that the 456 of 
SU{4:56) becomes the 420 + 36 of SU{8)). The four-dimensional supergravity will also 
be coupled to additional external vector multiplets in the adjoint of Eq together with a 
vector multiplet gauging a f/(l)_R whose gauge field becomes massive by the Stueckelberg 
mechanism as above. The left-handed fermions arising from the reduction of the six- 
dimensional hypermultiplets will carry an index in the fundamental of the gauged S'?7(456) 
so the theory is clearly chiral with respect to this symmetry. 
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6 Conclusion 



In this paper, we have studied the varieties of consistent reductions available to a class of 
six-dimensional theories based on the original Salam-Sezgin model [3]. The key result is 
the bifurcation that we have found in Section [3] between the previous reduction which re- 
tains the sphere's SU (2) gauge fields, but which proves to be non-chiral in four dimensions, 
and the new reduction which abandons the SU{2) gauge fields in favour of a spontaneously 
broken U{1)r, but allowing for a chiral theory in four dimensions. On general grounds, 
one might have expected [151 HH] some link between the reduction of a higher-dimensional 
theory on a background with nontrivial handedness and the preservation of chirality in 
the lower- dimensional reduced theory. However, such general considerations are not suffi- 
cient to elucidate details such as the loss of chirality when spherical isometry gauge fields 
are turned on. Only a detailed investigation of the reduction possibilities allows for the 
conditions of chirality preservation to be clearly established. 

Although the new reduction carried out in Section |3] considers a consistent set of fiuc- 
tuations about the very same background as that used previously in [10] , the result of the 
new reduction is very different. This is because our new ansatz considers fluctuations in 
the massive U{l)ji gauge fleld (together with certain scalar modes) whereas the ansatz of 
[To] considered fluctuations in the massless SU{2) gauge flelds arising from the isometries 
of the sphere. A consistent ansatz turning on fluctuations in both these sectors simul- 
taneously is not possible. This is because doing so would cause exphcit functions of the 
internal space to appear in the reduced fleld equations. One place where this is clearly 
seen is in the reduction of the metric fleld equation. Here the "miraculous" cancellation 
described in [10] cannot occur once the U{1)r modes are turned on, thus dooming the con- 
sistency of the four- dimensional system with both ?7(1)_r and SU{2) gauge modes turned 
on. There is therefore a genuine bifurcation in the consistent reduction possibilities down 
to four dimensions. 

The new consistent reduction scheme of Section |3] preserves four-dimensional chirality 
only in a fairly weak sense, because the chirality of the four-dimensional fermions is 
evidenced there only through couplings to the spontaneously broken, hence massive, t/(l)_R 
gauge fleld. Accordingly, in order in order to generate more clearly chiral couplings in 
the reduced theory, the class of six-dimensional models was extended in Section |4] by 
coupling in hypermultiplets and in Section [5] the gauging was extended by the inclusion of 
additional gauge multiplets. We then found that it is consistent to consider fluctuations 
in the a subset of the additional gauge flelds, corresponding to a subgroup of the original 
gauge symmetries, together with the fluctuations of the massive U{1)r. We note, however, 
that it still does not seem possible to turn on any fluctuations in the additional gauge 
symmetries if the SU (2) fluctuations arising from the sphere's isometries are turned on 
instead of the f/(l)_R fluctuations. This reduction inconsistency happens in an exactly 
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analogous way to that seen when trying to simultaneously turn on the SU(2) and t/(l)_R 
gauge fluctuations. For this reason, the new branch of consistent fluctuations is the more 
potentially interesting for four- dimensional phenomenology. 
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A Conventions 



In this work, we have used conventions where 

A r/(,) = -La;„^...„^r//3,„^^e°^ A ... A e"-- A e^^ A ... e'^^ (A.2; 

RmN = R^MRN RmN^^ = Qm^jJN^^ + . . . (A. 3 

fr = fo...f5, X = ^X^fo (A.4: 

75 = ^70 •••73 X = iX^lo (A. 5; 

X- = ^iXA^To = ix-f ¥ = ^(4)^f = = (A.e; 

^«/375 = i^ge"^-^^ e°^^^^^ = e°^^^ = 1 (A. 7' 

[Ta, Tb] = 2r]AB Vab = diag(-, +,..., +) (A.S; 

Fa = 7« ® Fa = 1 ® (Ta F7 = 75 ® (T3 (A.9' 

ctAC-^ = -tl c = c®a2. (A.io; 
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